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Abstract. We consider the nonstandard inclusion of SO(3) in SO(5) as- 
sociated with a 5-dimensional irreducible representation. The tensor T rep- 
resenting this reduction is found to be given by a ternary symmetric form 
with special properties. A 5-dimensional manifold (M, g, T) with Riemannian 
metric g and ternary form generated by such a tensor has a corresponding 
SO(3) structure, whose Gray-Hervella type classification is established using 
so(3)-valued connections with torsion. 

Structures with antisymmetric torsions, we call them the nearly integrable 
SO (3) structures, are studied in detail. In particular, it is shown that the 
integrable models (those with vanishing torsion) are isometric to the symmetric 
spaces M+ = SU(3)/SO(3), M_ = SL(3, iJ)/SO(3), Mo = We also 

find all nearly integrable SO (3) structures with transitive symmetry groups of 
dimension d > 5 and some examples for which d = 5. 

Given an SO(3) structure (M, g, T), we define its "twistor space" T to be 
the S^-bundle of those unit 2-forms on M which span = so(3). The 7- 
dimensional twistor manifold T is then naturally equipped with several CR 
and G2 structures. The ensuing integrability conditions are discussed and 
interpreted in terms of the Gray-Hervella type classification. 

MSG classification: 53A40, 53B15, 53C10 
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1. Introduction 

In Cartan's list of the irreducible symmetric spaces of Type I the first entry is oc- 
cupied by the family of symmetric spaces SU(ri)/SO(n). If n = 2 the corresponding 
manifold is a 2-dimensional sphere , but n = 3 already corresponds to a nontrivial 
manifold A/+ = SU(3)/SO(3). This is the so called Wu space [121 IH which has a 
number of interesting properties. Among them there is a fact that Af+ constitutes 
the lowest dimensional example of a simply connected manifold not admitting a 
Spin'^ structure jH] . From the point of view of the present paper another property 
of this space is crucial: the isotropy representation of A/+ = SU(3)/SO(3) coincides 
with the irreducible 5-dimensional representation of SO(3). Thus, this space pro- 
vides a symmetric model of a 5-dimensional manifold equipped with the irreducible 
SO(3) structure. Inspecting the entire Cartan list of the irreducible symmetric 
spaces one finds (in Type III, again at the first entry!) another 5-dimensional space 
M- = SL(3, E)/SO(3) equipped with the natural irreducible SO(3) structure. 

The aim of this paper is to study 5-dimensional geometries modelled on the 
spaces M+ and M_. By this we mean studies of 5-dimensional manifolds with 
the reduction of the structure group of the SO(5)-frame bundle to the irreducible 
SO(3). This places the paper in the domain of special geometries, i.e. Riemannian 
geometries equipped with additional geometric structures. In Ref. j^l Th. Friedrich 
provides a general framework for analysing such geometries. He also proposes the 
investigation of geometries modelled on Af+ there. 

The framework for analysis of special geometries consists of several steps. First, 
one distinguishes a geometric object, preferably of tensorial type, that reduces 
the structure group and defining the special geometry. Then, one introduces a 
metric connection which preserves this object. As the last step one determines the 
restrictions on the special geometry for this connection to be unique. This unique 
connection, its torsion and curvature are then the main tools to study the properties 
of the considered special geometry. 

It is instructive to illustrate this procedure on the well known example of a 
nearly Kahler geometry. Our choice of nearly Kahler geometry for this illustration is 
motivated by the fact that its behaviour is remarkably close [3 to all the phenomena 
we want to discuss in the context of the irreducible SO (3) geometries in dimension 
five. 

A Riemannian geometry (M, g) on a 2ri-dimensional manifold M can be made 
more special by an introduction of a metric compatible almost complex structure. 
This is a tensor field J : TM TM which satisfies j"^ = - id and g{JX, JY) = 
g{X,Y). The tensor J reduces the structure group from SO(2n) to U(n) and 
induces the distinguished inclusion of the Lie algebra u(n) in so(2n). This inclusion 
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defines a class of a metric compatible connections F which preserve J. Here and in 
the following we will represent connections by means of Lie-algebra- valued 1-forms 
on manifolds so, in the considered case, T G u(n) ® il^(M), where u(n) C so{2n). 
The connections F are highly not unique. However, since all of them may be 
considered as elements of so(2n)(3)51^(M), i.e. as elements of the space in which the 

LC 

Levi-Civita connection r resides, one can try to make F unique by the requirement 
that in the decomposition 

(1.1) r=T+^T 

the T-part has some special properties. In the considered case the uniqueness of F 
is achieved by the demand that in the above decomposition 

(1.2) TeQ^iM). 

The 3-form T is then interpreted as a skew-symmetric torsion of the connection 
F. It follows that the decomposition ljl.l|l - (jl.2|l is possible only for a subclass of 
metric compatible almost complex structures. They may be characterised by the 
condition 

(Vt, J){v) = Vve TM. 

The metric compatible almost complex structures satisfying this condition are called 
nearly Kahler. Their geometric properties are described in terms of the properties 
of the unique u(n)-valued connection F defined by lll.l|l - H1.2ll . In particular, the 
torsion-free case, T = 0, corresponds to Kahler geometries. Another types of the 
nearly Kahler structures may be distinguished by specifying that the curvature of 
F belongs to a particular U(n)-irreducible component of the tensor representation 
u{n)<g)n'^{M). 

Our treatment of the irreducible SO (3) geometries in dimension five imitates 
the above approach to the nearly-Kahler geometries. We first introduce an ob- 
ject, the (3,0)-rank tensor T, which reduces the SO(5) structure to the irreducible 
SO(3). Although this tensor has a different rank then J its geometric characteri- 
sation, which is a certain algebraic quadratic identity on T, resembles very much 
the quadratic condition = — id. Using T we distinguish an inclusion of so (3) in 
so(5). This maximal inclusion is used on a Riemannian manifold endowed with T 
to distinguish a class of so (3)- valued metric connections F. These are such that, in 
the decomposition (|l.l|l . they have the skew-symmetric T-part. It follows that such 
connections, if exist, are unique. Their existence is only possible for a particular 
class of tensors T characterised by the condition 

(Vt, T)(w,w,w) VueTM. 

The organisation of the paper is reflected in the table of contents. The notation is 
standard. However, depending on the context and esthetics of the presentation, we 
use both the Schouten notation with the indices of tensors as well as the geometric, 
index-free notation. Since all the time we are in the Riemannian category, we do 
not distinguish between covariant and contravariant tensors. This convention, when 
used in the formulae written in the Schouten notation, enables as to identify tensors 
with upper and lower indices. We will write them in the both positions depending 
on convenience. In the entire text the Einstein summation convention is assumed. 
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2. Tensor T reducing 0(5) to the irreducible S0(3) 

The two obvious examples M+ = SU(3)/SO(3) and A/_ = SL(3, M)/SO(3) 
of the irreducible SO(3) structures should be supplemented by still another one, 
which in a certain sense, is the simplest. One achieves this example by identifying 
vectors A in IR^ with 3x3 symmetric traceless real matrices cr(yl), 

(2.1) = { <j{A) e M3x3(R) : <y{Af = a{A), tr{<j{A)) ^ }, 

and defining the unique irreducible 5-dimensional representation p of SO(3) in 
by 

(2.2) p{h)A = h a{A) h^, y he SO(3), A e 

Then Mq = (SO(3) Xp MS)/SO(3) also has an irreducible SO(3) structure. 

From now on we identify with matrices as in H2.1II . Given an element 
A e M.^ we consider its characteristic polynomial 

Pa{X) - det(cr(A) - A/) = -A-'^ + g{A, A)X + ^T(A, A, A). 

9 

This polynomial is invariant under the SO(3)-action given by the representation p 
of HT^ . 

Ppih)AiX) = Pa{X)- 

Thus, all the coefficients of Pa(A), which are multilinear in A, are SO(3)-invariant. 
It is convenient to choose a basis in R5 in such a way that the identification a is 
given by 



I V3 



a 



V3 



-2-2^ 



(2.3) 3 A = a,ei i — > a{A) = a' 

After this convenient choice, the bilinear form g simply becomes 

(2.4) g{A,A)=al + al + al + al + al, 
and the ternary one T is given by 



(2.5) T{A,A,A) = -ai{6al+6al-2al-3al-3al 



3^/3 



04(05— a3)+3\/3( 



020305. 



Both g and T are obviously SO(3)-invariant. Since g is the usual Riemannian 
metric on R^ the action p of H2.2|l gives a nonstandard irreducible inclusion 

(2.6) L : SO(3) ^ 0(5). 

Remark 2.1. Although it is obvious we remark that 

3^3 



T{A,A,A) 



det((T(A)). 



In the following we consider a tensor Tyfe G O R^ such that 

T(AA^) = T,yfeo'o-'o^ 
A simple algebra leads to the following proposition. 

Proposition 2.2. The tensor Tijk has the following properties 
i) it is totally symmetric, Tijk ~ ^{ijk), 
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ii) it is trace-free, T^j — 0, 

iii) it satisfies the following identity 

^jki'^lni + '^Iji^kni + '^kli'^jni ~ QikQln + 9lj9kn + Qkigju, 

where g{A,A) — gija''aK 

Remark 2.3. It is worth noting that property iii) after contraction with gun and 
TTmfcn, respectively, implies 

^'^ijk^nijk — ^^Qira^ 
ilra^ jln^ kran '^'^ijk- 

Group 0(5) naturally acts on O'^^^^ by 

Ty, ^ H\H"}H\Ti^r.. H G 0(5). 

Our aim now is to find the stabiliser Gx of tensor Ty ^ under this action. We know 
that SO(3) C Gx- In the following we show that it is actually equal to SO(3). 
To see this we take a 1-parameter subgroup H{s) = e*'^ of SO(5) generated by an 
element X of the Lie algebra so (5) in the standard 5-dimensional representation 
of skew symmetric matrices. Taking ^|^^q of the stabilising equation T^fe = 

H{sy ^H{s)"jH{s)\Timn we get the following linear equation 

(2.7) TijkX\ + TukX'^ + T,jiX\ =. 

for the elements of the Lie algebra of the stabiliser. Its general solution is 

X = (X'j) = x^Ei + x^E2 + x^E:i = x^Ej, 

where (x^), / = 1,2,3, are real parameters and the matrices 
(2.8) 

C 0000V3\ /OOx/300 

00100\ ^ / OOOOl 

-1 0, E2 — \ 0010 

00001/ \00-100 

-%/3 00 -1 0/ \0-1000 

satisfy the so(3) commutation relations 

[Ei,E2] = E3, [E3,Ei] = E2, [E2,E3] = El, 

or [Ej,Ek] = Ejj^Ej, for short. Thus, the intersection of the stabiliser with the 
SO(5) component of 0(5) is equal to the irreducible SO(3). Actually the stabiliser 
does not intersect with the complement of SO(5) in 0(5), as it is explained in the 
following lemma. 

Lemma 2.4. The stabiliser ofTijk is contained in SO(5) component o/0(5). 

Proof. Since the complement of SO(5) in 0(5) consists of elements of the form 
—g such that g G SO (5) it is enough to prove that —g with g G SO (5) can not 
be in Gy- Assuming the opposite i.e. that g £ SO(5) and —g G Gx we get the 
contradiction by the following steps. The adjoint map Adg preserves so (3). Thus it 
provides an orthogonal (with respect to the Killing form) transformation of so(3) 

Adg |,„(3) G SO(so(3)), so(3) = Spa.n{EuE2,E3). 

On the other hand, any orthogonal transformation of our so(3) has the form Adh 
for an element h G t(SO(3)). So, g has its corresponding h G i(SO(3)) such that. 
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Adg \so(3) = Ad,, Thus, Adg,,-i |go(3) = Id, so that the element gh~^ e SO(5) 

must satisfy 

Forcing gh^^ to satisfy this condition on the basis Ej for J = 1,2,3, we find that 
gh~^ — I. Thus g = h is in Gy which means that also —gg^^ = — / is in Gx- 
But — / e 0(5) sends T^fc to —Tijk, which gives the contradiction and finishes the 
proof. 

□ 

Thus we have the following proposition. 
Proposition 2.5. 

The stabiliser of tensor Tijk is the irreducible SO(3) included by l in 0(5). 

2.1. The 0(5) invariant characterisation of tensor T. Since the stabiliser of 
Tijk is the irreducible SO(3), its orbit under the 0(5) action is a 7-dimensional 
homogeneous space 0(5)/t(SO(3)). In this section we fully characterise this orbit 
among all the orbits of 0(5) action in On doing this we view T^fe as a 

linear map 

^^3v^ T,, e End(M^), (T„)y = T,,kVk- 

Using this map we can rewrite the property iii) of Proposition 12.21 characterising 
Tijk to the equivalent form 

VweE^ Tlv^g{v,v)v. 

The importance of this reformulation is justified by the following theorem. 

Theorem 2.6. The 0(5) orbit of tensor Tijk consists of all tensors Yijk for which 
the associated linear map 

Y„ e End(M^), (Y„)y = Y^jkVk 

satisfies the following three conditions 

(1) it is totally symmetric, i.e. g(u, Yvw) = g{w, Yvu) = <?(u, Ywv), 

(2) it is trace free tr(Yi,) = 0, 

(3) for any vector e 

(2.9) rlv = g{v,v)v. 

Remark 2.7. The 0(5) orbit of Tijk, described invariantly in the above theorem, 
consists of two disjoint SO(5) orbits: the orbit of Tijk and the orbit of —Tijk- 
Indeed, both tensors ±Tijk satisfy the three conditions characterising the 0(5) 
orbit and Tijk can not be sent to —Tijk via an element h € SO(5). Otherwise the 
element —h preserves Tijk and as such belongs to Gr which contradicts Lemma 

EJ 

Proof of Theorem. Let us consider tensor Tijk for which T ijkO^a^ has the stan- 
dard form 112. 5|l . Then its corresponding map Ty in the g-orthonormal basis e^ of 
l|2.3|l . is represented by the following matrices 



(2.10) 



/ -1 \ 




/O 1 0\ 


/ 1 1 


Te. = 1 


f 1 \ 


s 


c 


I 1 / 


I / 


\ 0s/ 




\0 c 0/ 



T — 

i ei — 



= ^ -b Te, = I -6 I T, 
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where s ~ h ^ c ~ The advantage of introducing additional constant b 
win be clear later in the proof. 

Now, let us take an arbitrary tensor Y^fe satisfying the three assumptions of 
Theorem l2.6l The theorem will be proven if we manage to construct an orthonormal 
basis (ei, . . . , 65) in in which the matrices Yej take the same form (12.1011 as the 
matrices Te, . 

Lemma 2.8. For any pair of orthogonal vectors v,w the following identity holds 

g{v, v)w = 2 + Yu, Y^, v. 

Proof of Lemma. Applying H2.9II for the vector v + rw (r e E) we get 

rg{v, v)w+r'^g{w, w)v = rY,^w+r^Y^w+rY-uY^w+r^Yi,Y^w+rY.ii, YtjW+r^YtuYtjW. 

The linear in r term of this identity when compared with the symmetry Y^v — YvW 
yields the thesis. 

□ 

The 5-th order homogeneous polynomial det(Y„) considered on the unit sphere 
{v : g{v,v) = 1} satisfies det(Y_„) = — det(Y-u). Thus, it can not have a fixed sign 
everywhere on the sphere and there exists a unit vector 62 such that 

det(YeJ = 0. 

Let 

ei : = ^€2^2 

and let 64 be the unit vector in the kernel of Yea • 

YeiGi = 0. 

Lemma 2.9. The vectors (61,62,64) are unit and pairwise orthogonal. 
Proof. 

g(64, 61) = g{e4, Ye2 62) = g{e2, Y e^f^i) = 0, 
5(64, 62) = 5(64, Yg^62) = 5(62, Yg^e4) = 0. 

Using Lemma 12.81 for the unit orthogonal vectors w = 62 and w = 64 we get 

62 = Yea 64 and so 

.9(62, ei) = g(62. Yea ^£2 ^6464) = 5(Yeae2, Ye4 64) = 0. 

Finally, the vector 61 is unit: 

5(61, 61) = g(Yeae2, Yea 62) = 5(Yeae2, 62) = 1. 

□ 

The space Span(6i, 62, 64) is Yea-invariant and Yea restricted to this invariant 
space is trace-free; the same is true for the restriction of Yea to the orthogonal 
complement Span(ei, 62, 64)"'-. So, there exists a number c > and a pair of unit 
vectors (63,65) such that 

Yeae3=ce5, Yea65 = ce3, C>0 

and the system (61, 62, 63, 64, 65) is the orthonormal basis of M^. The matrix of Yea 
in this basis has the form as in (I2.1fl|l . but the constant c is not fixed. 
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Now, the use of the assumed properties of (Tijfc) and the successive appHcation 
of Lemma, ITsI proves that the matrices Yei, • ■ • , Yes have the form of H2.1flll with 
the following restrictions to the constants (6, c, s): 

s = -- c2 = - 62 ^ c\ 
2 4 

If 6 = — c then one can perform the following change of basis 

(ei, 62, 63, 64, 65) I > (ei, 62, -63, -64, -65) 

resulting the change b i-^ (—6) in the matrices H2.1fl|l . 
This finishes the proof of Theorem l2.6l 

□ 

Corollary 2.10. The tensor Tijk is fully determined by its properties listed in 
Proposition \2.S[ 

3. The S0(3) structure in and the representations of S0(3) 

The last corollary motivates the following definition. 

Definition 3.1. An SO(3) structure on is a pair (5, T) where g is a Riemannian 
metric g{A,A) — gijO^a^ and T is a ternary form T[A,A,A) = Tij^d^a^a'^ such 
that 

ii) Tijj = 0, 

iii) TjkiTlni + TljiTkni + '^kli^jni = 9jk9ln + gij9kn + Qkigju- 

In this section we will use an SO(3) structure to define representations of SO(3) 
m (g) First, we recall the following well known theorem . 

Theorem 3.2. All the irreducible finite- dimensional representations o/SO(3) are 
odd dimensional. There is a unique irreducible representation of SO(3) in space 
M^'+i for each I e {0, 1, 2, 3, ...}. The tensor product M^'i+i ,g, R^h+i decomposes 
onto the SO {3) -irreducible components according to the following Wigner formula 

Ih+hl 

(3.1) M2/i+l^]g2/. + l ^ 1^2/+!^ 

I = \h-l2\ 

The 5-dimensional irreducible representation p of SO(3) with the carrier space 

A5 

was already considered in 112. 2|l . To find the projectors onto the irreducible com- 
ponents of the tensor representations {^^M^, /\^M^ and Q^R^ we use the SO(3) 
structure (<?, T). Associated with T is the following endomorphism 

t : {g)^M^ — > 0^R^ 

which preserves the decomposition = /\^R^ ® Q^R^. Now, a simple algebra 

leads to the following proposition. 
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Proposition 3.3. (gj^M'"^ = A3 © A? ® O? ® O5 © Ol, inhere 

Ql = { Se (g)^M^ I f{S) = US } = {5* = A-.g, A e M }, 

Al = {Fe {8)'m5 I f{F) = 7-F } - so(3) - Span(£;i,£;2,S3), 

O5 = { 5" e {g)^M^ I t(S') = -3-S }, 

A? = { ^ e O'k^ I t(F) = -8-F } =: n, 

O9 = { ^ e {8)'M^ I f{S) = 4-^ }. 

j4Z/ the representations /\^ C and 0^. C 0^]R^ are irreducible; the indices j 

and k denote their dimensions. 

Remark 3.4. Note that the tensor T defines a nondegenerate SO(3) invariant scalar 
product {F\F') ~ *{T{F) A *F') of signature (3, 7) on the space of 2-forms 

(3.2) A^I*^ =so(5) =so(3)©n = A3©A7- 

Although this scalar product differs from the one associated with the Killing form 
k{F, F') = -6 * (F A in both of them we have so(3) ± n. 

Remark 3.5. In agreement with the above notation we will denote the irreducible 
representation by 

As = = A^K^ 

Using the SO(3) structure (.g,T) we can also build up an endomorphism 

T : O^K^ — > 0^R5 

given by 

S I *■ 4 T klm'^ ijmS ■ 

It is independent of TI02K5 . Note that T is a composition T = 4T o T of two maps 
given by 

(3.3) t(5), ^ T,,kS,k, r{v) = T„. 
We have 

ker(t)-0?®0^, im(t)-A5- 

Thus i" restricted to 05 is an isomorphic intertwiner between the representations 
05 and A.5- Furthermore we have: 

4To t|Q2 = 14-id. 

Summarising we have the following proposition. 

Proposition 3.6. The eigenvalues ofT on the representations ©09 o,nd 0g 
are and I4, respectively. 
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4. The S0(3) structure on manifold 

Definition 4.1. An SO(3) structure on a 5-dimensional Riemannian manifold 
(Af, g) is a structure defined by means of a rank 3 tensor field T for which the 
associated linear map 

TM3v^ T, e End(TM), (T„),, = T.jkVk. 

satisfies the following three conditions 

(1) it is totally symmetric, i.e. g{u, Tyw) — g{w, T^u) — g{u, T^v), 

(2) it is trace free tr(T„) = 0, 

(3) for any vector field v G TM 

Tlv = g{v,v)v. 

Definition 4.2. Two SO(3) structures (M, T) and (M,g,T) defined on two 
respective 5-manifolds Af and M are (locally) equivalent iff there exists a (local) 
diffeomorphism (j> : M ^ M such that 

<j>*{g)^g and cj,*{t) = T. 

If M ~ Af , g = g, T = T the equivalence 4> is called a (local) symmetry of (A^f, g, T). 
The group of (local) symmetries is called a symmetry group of {M,g, T). 

In view of Corollary 12. 101 Theorem 12.61 and Proposition 12.21 tensor field T reduces 
the structure group of the bundle of orthonormal frames over M to the irreducible 
SO(3). Thus, locally, we can represent an SO(3) structure on Af by a coframe 

(4.1) 9 = {e') = {9\e^,e^,9'^,9^) 

on AT, given up to the SO (3) transformation 

(4.2) TM®n^{M)3e^e = p{h)9. 

For such a class of coframes the Riemannian metric g is 

g = 9l + 9l + 9l + 9l + 9l 
and the tensor T, reducing the structure group from SO(5) to SO(3), is 

(4.3) T = i^i ( 69l + eel - 291 - - ) + ^^4(^5 - Oj) + 3V3929395. 

Definition 4.3. An orthonormal coframe {9^,9^,9^,9'^,9^) in which the tensor T 
of an SO(3) structure {M,g, T) is of the form l|4.3ll is called a coframe adapted to 
(Af, T), an adapted coframe, for short. 

4.1. Topological obstruction. The determination of topological obstructions for 
existence of an irreducible SO (3) structure on a 5-dimensional manifold is presented 
in a separate paper of one of us [2] . For the completeness of the present paper we 
quote the result here. In the theorem below we denote by pj the jth Pontriagin 
class. 

Theorem 4.4. Let M be an orientable 5-dimensional manifold. There exists an 
irreducible SO(3) structure on Af iff M admits the standard SO(3) structure (i.e. 
TM splits on the rank 2 trivial bundle and a rank 3 complement) and 

Pi(TAf) = 5p, where p G if''(Af ; Z). 
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Remark 4.5. The irreducible inclusion i(SO(3)) C SO(5) induces the irreducible 
inclusion of t(Spin(3)) C Spin(5). Assuming that W2{TM) ~ 0, the SO(5) struc- 
ture on M can be lifted to the Spin(5) structure. It further may be reduced to the 
t(Spin(3)) structure on M, provided that M admits an irreducible SO(3) structure. 

4.2. so(3) connection. Given an SO(3) structure as above, we consider an so(3) 
connection on M represented locally by means of an so (3)- valued 1-form F given 

by 

(4.4) r = (r^.) = j'E, + + i^E^, 

where 7^, 7^, 7^ are 1-forms on M and Ej with / = 1,2,3 are given by l|231l. This 
connection, having values in so(3) C so(5), is necessarily metric. Via the Cartan 
structure equations, 

(4.5) de' + V'j A e-i = T 



(4.6) drv + r;, AT^ = /r^, 

it defines the torsion 2-form T* and the so(3)-curvature 2-form K',. Using these 



forms we define the torsion tensor T^j, G (M^ ® /\^M^) and the so(3)-curvature 

jk 



tensor r^-f, e (so(3) (E) /\^M.^), respectively, by 



and 

(4.7) = d7^ + le[jj,r' A 7^ = ^^'^fc^' ^ 

(Note that, K = (K'j) = r^Ei+ r^E2 + r^E^.) The connection satisfies the first 
Bianchi identity 

(4.8) K\ A = DT' 
and the second Bianchi identity 

(4.9) DK'^ = 0, 
with the covariant differential defined by 

DT = dT* + A , Die J = dA'^ +T\AK)- K\ A V''^ . 

Since the irreducible SO (3) was defined by the demand that it preserves g and 
T we have the following proposition. 



Proposition 4.6. Every so{?>) connection T of \4-4^ is metric 

Vv (5) = 

and preserves tensor T 

Vt, (T) = Vw e TM. 
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4.3. SO(3) structures with vanishing torsion. In this section we find all SO(3) 
structures (M, g, T) which admit so (3) connections F of H4.4|l with vanishing torsion 



(4.10) T' = 0. 

Assuming that is identically zero and using the first Bianchi identity H4.8II for 
r we easily find that a lot of components of the so(3)-curvature vanish. Explicitly, 
we find that in such a case the curvature forms (r^,r^,r^) are expressible in terms 
of only one function r^j^g and read 

(4.11) r^=r\^n\ r^=r\^K\ = r\^n\ 
where 

= V301 A 6*5 + 6*2 A 6*3 + A 9^, 
k2 = V301 A + 6^ A 9^ +9^ A 9'^, 
= 29^ A9^ + 9^ A9^. 

It further follows, that under the assumption of II4.1()|I . the second Bianchi identity 
114. 9|l implies that 

r^g = const. 

This means that r^g is a real parameter and that there is only 1-parameter family 
of SO(3) structures with vanishing torsion. This family equips the principal fibre 
bundle F{M) of SO(3) frames 

SO(3) ^ F{M) ^ M 
over M with an so(3)-connection 

(4.12) f = p{h) r p{h)-^ - dp{h) p(h)-^ 

This, together with the lifted coframe 

(4.13) 9^p{h)9 

of (I4.2|l . satisfies the following differential system 



(4.14) 



where 



(4.15) 



d9' 




-\/37i A - ^37^ A 9^ 






dp 




-f A9^ - 2f 


a¥ 




d9^ 




7^ A 02 + V3^2 ^ g|i _ ^2 


A9^- 


- f A 9'' 


d9^ 




-7^ A + 7^ A fii^ + 27^ 


A9^ 




d9^ 




\/37^ A9^ A9^ +f 


aP - 




d^^ 




-f Af + r\fHi^ 






d-T^ 




-f A^^ + r\fK' 






d^^ 














= V39^ A 9^ + 9^ A 9^-] 


-9" A 


o\ 






= V39^ aP + 9^ A 9"^ ^ 


-9^ A 








= 29^ A 9^ + 9^ A 9^. 
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The eight linearly independent 1-forms {9^,9'^, 9^,9'^, 9^, 7^, 7^, 7'^) constitute a ba- 
sis of 1-forms on the eight dimensional manifold F{M). Moreover, since equa- 
tions H4.14II have only constant coefficients on their right hand sides, the basis 
{9^,9'^, 9^, 6*^, 6*^, 7^, 7^, 7^) can be identified with a basis of left invariant forms on 
a Lie group to which the bundle F{M) is (locally) diffeomorphic. Thus we may 
identify F{M) with a local Lie group, the structure constants of which can be read 
off from the system Ij4. 1411 - Ij4. 1511 . We find that, depending on the parameter r^j^g, 
these structure constants correspond to 

i) SO (3) Xp R5 group iff = 

ii) SU(3) group iff r^g > 

iii) SL(3,R) group iff r^g < 0. 

It further follows from the system (j4. 1411 - 1|4. 1511 that the tensors 

(4.16) g = 9l + 9l + 9l + 9l + §1 
and 

(4.17) T = + 69l - 29\ - ^9% - 3^^ ) + ^^4(^5 - ^3) + 3V3^2^3^5 

on F{M) are preserved under the Lie transport along the fibres of SO(3) — > 
F{M) A M. Moreover, these tensors are degenerate in precisely vertical direc- 
tions. Thus they descend to M defining, respectively, g and T, i.e. an SO(3) 
structure, there. Locally, depending on the sign ofr^i^, this structure is isomorphic 
to the homogeneous model Mq in case i), the homogeneous model -M+ in case ii) 
and the homogeneous model M_ in case iii). 

Theorem 4.7. All SO(3) structures with vanishing torsion are locally isometric 
to one of the symmetric spaces 

M = G/SO(3), 

where 

G = SO(3) XpM^, SU(3) or SL(3,M). 

The Riemannian metric g and the tensor T defining the SO (3) structure are ob- 
tained via |^.i6| )-| p.i7| ) by means of the left invariant forms (6*^, 6*^, 6*'^, 6''*, 61^, 7^, 7^, 
7'^) on G, which satisfy l4-14}) - ^4-15\) . In all three cases the metric g is Einstein. 
It is flat in case of G = SO(3) x^M^. In the other two cases the metric is not even 
conformally flat. 

Proof. Only the last three sentences of the theorem remain to be proven. Since 
there is no torsion, the Levi-Civita connection for when written in terms of 
the coframe (^\ 0^, 0^ 7\ 7^, 7^), is simply f of gA2|l . Then, the direct 

calculation shows that the metric is Einstein with both the Ricci scalar and the 
Weyl tensor being proportional, modulo a constant factor, to r^g. □ 

Remark 4.8. According to the last sentence of the theorem the spaces M± corre- 
sponding to nontrivial SO (3) structures without torsion are not of constant curva- 
ture for the Levi-Civita connection of g. 



Remark 4.9. Note that 
(4.18) 
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is the curvature of the canonical connection on the symmetric space SU(3)/SO(3). 
Moreover, the forms (6*^, 0^, S'^, 6''*, 6*^, 7^, 7^, 7^) define an absolute teleparalelism 
on F{M). They can be collected to an su(3)-valued matrix 



/ 



(4.19) 



Cartan 



-7^ 



^3 


7^\ 









7^ 


+ i 


0^ 


-7^ 


0) 







03 \ 



V3 



which defines an su(3)-valued Cartan connection on the bundle SO(3) F{M) 
M. The curvature of this connection 



.20) 



IS 



Cartan 



drca 



ir\, - 1) 



rCartan A Fcart an 

/ 







0/ 



and it vanishes iff the corresponding so(3) connection T has constant positive cur- 
vature determined by = 1. 

Remark 4.10. Remark 14.91 can be generalised leading to the description of SO(3) 
geometries with arbitrary so (3) connection in terms of an su(3) Cartan connection 
on the fibre bundle SO(3) F{M) —> M. Indeed, given an SO(3) geometry with 
the adapted coframe {9^ , 9"^ , 9^ , 6"^ , 6^) and the so(3) connection F we define the 
lifted coframe {9\ 9^ , 9^ , 9^ , 9^) via l|tT3jl and the 1-forms (7^7^73) via jTT2t . 
Then, the su(3)-valued Cartan connection on F{M) is given by equation H4.19II . 
The curvature H4.20|l of this connection satisfies the Bianchi identity 

(4.21) Dficartan = dficartan + Tcartan A r^Cartan — ^^Cartan A Fcartan = 

and naturally splits onto the real and imaginary parts 





/ 






f^Cartan = Re(f2cartan)+«0-(T) = 







+i 






-fi y 





V 



f2 

2^3 



y2 



f3 \ 

2^5 



2^5 



The imaginary part is simply the lift of the torsion T of the so(3)-connection F, 

f = p{h)T. 

The real part can be collected to a 5 x 5 matrix 
This satisfies 

(4.22) R^k- /?o, k ^ p{h)Kp{h)-^, 
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where K is the so(3) curvature of F and Kq is given by II4.18|I . Thus, R is the Hft 
of the so (3) curvature K shifted by the curvature —Kq of the canonical connection 
on the symmetric space SU(3)/SO(3). 

4.4. spin(3) connection. The even Clifford algebra CZo(5, 0) has a 4-dimensional 
faithful representation in which the orthonormal vectors (61,62,63,84,65) may be 
represented by 



ei = 



(4.23) 








1 


























») 


Vo 


-1 





/ 





0100 

10 
1 
10 



10 

^3 = I i 6 J ^4 = [ -i ) ^5 = [ -1 

,0 1 








— i 








— i 







(I 




















1) 










I) 














— i 









\0 





i 





One checks, by direct calculations, that 



6^ = 1, 6^6^ + 6j6j =0, j 7^ i = 1, 2, 3, 4, 5. 

Now, the double covering homomorphism Spin(5) SO (5) induces the iso- 
morphism of the Lie algebras spin(5) so (5). By means of this isomorphism an 
element 6^6^ € spin(5), i < j, is mapped to (/y) - a 5 x 5 antisymmetric matrix 
having value 1 at its entry /y , value -1 at fji and value in all the remaining 
entries. This implies that the basis of the Lie algebra spin(3) corresponding to the 
basis {El, E2, E3) of the irreducible so(3) is 

El = i(\/36ie5 + 6263 + 6465), E2 = i(\/3ei63 + 626,5 + 6364), 

E3 = 1(26264 +6365). 



Explicitly: 




iVs -1 -1 

1 I 1 iV3 -1 

2 I 1 ~iV3 1 
1 -1 -i\/3y 



(4.24) 



E3 





/2i 





i 


M 


1 





-2i 





i 


2 


i 





2i 







VO 


i 





-2iJ 



Thus we have 

spin(3) = Span(Ei, E2, E3) C spin(5) = Span(i6i6j , z < j = 1, 2, , 

Now, given an SO(3) structure (M, T) and an so(3) connection T = 
7^i?2 + I'^E'i, we associate with it a connection 



(4.25) 



r,p;n = 7^Ei + 72E2 + 7^E3 e spin(3) 



.,5). 

l^Ei 



which we call spin(3) connection. This connection will be used in Sectiondto define 
covariantly constant spinor fields on M. 
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5. Characteristic connection 
Suppose now that we are given an SO(3) structure (M, g, T) on a 5-dimensional 

LC 

manifold M. This defines the Levi-Civita connection F which, having values in 
so(5), is an element T ijk of so(5) ® = /\^]R^ (g) M"''. In the following we will be 



LC 

only interested in a subclass of SO(3) structures, which we term nearly integrable. 



Definition 5.1. An SO(3) structure {M,g,T) is called nearly integrable iff 

(5.1) {VvT){v,v,v) = Q 

LC 

for the Levi-Civita connection V ■ 

The condition Il5.1|l . when written in an adapted coframe Ij4.1|l . is 

LC 

(5.2) r m(ji '^kl)m = 0. 

This motivates an introduction of the map 

T' : ® M'^ ^ 0**M^ 

such that 

^ LC LC 

^ {T)ijkl ~ 12rm(ji Tfe;)m 

LC LC LC 

— r raji ^ mkl "t" F mki ^ jml ~l~ T mli ^ jkm 
LC LC LC 

(5.3) -\- r mij ^ mki ~t~ P mkj ^ iml P mlj ^ ikva 

LC LC LC 

^~ r mik ^mjl ~l~ P mjk ^ iml "1" P mlk ^ ijm 
LC LC LC 

P mil ^ mjk P mjl ^ imk ~^ P mki ^ijm- 

We have the following proposition. 

Proposition 5.2. An SO(3) structure {M,g, T) is nearly integrable if and only if 

LC 

its Levi-Civita connection P G kerT'. 

It is worthwhile to note that each of the last four raws of Ij5.3|l resembles the 
l.h.s. of equality (E^. Thus, so(3) (g) C ker T'. Due to the first equality in 
we also have /\^R^ C kerT'. It further follows that kerT' = [so(3) «) M^] + A^I^^- 
Now, introducing the map 

t : kerT' ®^R^ 

given by 

N LC LC 

Tf"( P )il = ^ijk P Ijk 

and observing that kerT = /\'^M^ we get the following SO(3) invariant decomposi- 
tion 

kerT' = [so(3)®R^]©A^K^ 
This is the base for the following proposition. 

LC 

Proposition 5.3. The Levi-Civita connection T of a nearly integrable SO(3) 
structure (A/, g, T) uniquely decomposes onto 

(5.4) F = P + \T, 
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where 

r e so(3) ® and T e A^K'"^ = ker t. 

. LC 

The decomposition H5.4|l of the Levi-Civita connection F of a nearly integrable 
SO(3) structure defines an so(3) connection T. Rewriting the Cartan structure 
equation 

dd' + T A 6IJ' = 

LC 

for r into the form 

d6' + A = \T\kQ^ A 

enables us to interpret T as the totally skew symmetric torsion of V . 

Definition 5.4. An so(3) connection F of an SO(3) structure (M, g,T) is called 
a characteristic connection if its torsion Tyfe is totally skew symmetric. 

The consideration of this section can be summarised in the following theorem. 

Theorem 5.5. Among all SO(3) structures only the nearly integrable ones ad- 
mit characteristic connection T. Every nearly integrable SO (3) structure defines T 
uniquely. 

Remark 5.6. Note, that out of a priori 50 independent components of the Levi- 

LC 

Civita connection T , the nearly integrable condition H5.1|l excludes 25. Thus, 
heuristically, the nearly integrable SO(3) structures constitute 'a half of all the 
possible SO(3) structures. 

Remark 5.7. Note, that given a nearly integrable SO(3) structure its totally skew 
symmetric torsion Tijk defines the torsion 3-form 

Since 

A'R^ = A'K' = As ® A? 

we have two kinds of skew symmetric torsions of 'pure type' - those for which T 
belongs to the representation A3 and those whose T is in Ay- 
Note that for an SO(3) structure with arbitrary so(3) connection its torsion Tijk 
belongs to A^K^ (g) R^. Thus, according to the discussion at the beginning of this 
section, under the action of SO(3), such satisfy 

T^Jk e A^K'^ ® = ([so(3) ® R-"^] ® A^K'^) ffi K^^. 

Obviously, M?^ further decomposes onto irreducibles: M?^ = R^ ® R". 

We close this section with the analysis of the SO (3) decomposition of the cur- 
vature 

/v^ ^ ^K'^kiO'' A 61' = dr^- + r\ A r*^^. 

of the characteristic connection T. Since K^jki eso(3)® A this is given by the 
following proposition. 

Proposition 5.8. The projectors onto the irreducible components of the decom- 
position 

(5.5) 50(3) ® A'K^ = O? ® A3 ® A? ® O5 ® O9 ® AL 
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are: 

K,,ki ^ K[,^ki] e A^K' = As 

Kijki I — > Kijii =: kji I — > kyi] £ A3 © A7 

K^jki I — > Kiju = kji I — ^ (fc(j7) - ifcji gj/) e O5 e O9 

Kijki I — > Kiju = kji I — > fcij G O^. 

Remark 5.9. Note that the curvature tensor decomposition Ij5.5ll is an analog, but 
not just the refinement, of the standard Riemann tensor components. The so(3)- 
connection, we investigate, is not in general (compare Section lTsl for the exception) 
the torsion free connection and so the curvature does not have the usual Riemann 
tensor symmetries. 

6. Homogeneous examples 

In the present section we look for examples of nearly integrable SO (3) structures 
admitting transitive symmetry groups. 

Using the fact that the possible subgroups of SO(3) may have dimensions 0,1,3 
we get the following proposition. 

Proposition 6.1. A transitive symmetry group G of an SO(3) structure may have 
the following dimension: 5,6 or 8. 

6.1. Examples with 8-dimensional symmetry group. If the group of transi- 
tive symmetries G is 8-dimensional, the SO(3) frame bundle F{M) may be iden- 
tified with G. Then, the problem of finding all the examples with such group of 
symmetries is equivalent to find those Gs for which the basis of left invariant forms 
(6'\6i^,6i^,6''',6'^,7\7^,73) satisfy the pull-backed Cartan equations H4.4|l - H4.fi|l with 
the torsion coefficients Tijk and the curvature coefficients r^^^ constant on G. This 
is a purely algebraic problem with the following solution. 

Proposition 6.2. There are only three different examples of nearly integrable 
SO(3) geometries with 8-dimensional symmetry group. These are the torsion-free 
models: 

M+ = SU(3)/SO(3), Mo = (SO(3)XpM^)/SO(3), Af_ = SL(3,M)/SO(3). 

6.2. Examples with 6-dimensional symmetry group. To obtain all the ex- 
amples with 6-dimensional transitive symmetry groups we do as follows. We fur- 
ther reduce the lifted system H4.4|l - ll4.fi|l from the SO(3) frame bundle F{M) to a 
6-dimensional group G fibred over M. We will identify G with the transitive sym- 
metry group of the considered structure. Thus, M will be a homogeneous space 

M = G/H 

with H - a 1-dimensional subgroup of G. 

The reduction of the lifted system (I4.4|l - lj4.6ll from F{M) to G implies that on 
G, the two of the connection 1-forms (7^, 7-^, 7'^), say 7^ and 7^, must be R-linearly 
dependent on the lift of the adapted coframe {6^, 0^,9^, 9'^, 6^). Thus, in such 
case, the basis for 1-forms on G is {d^,9'^,9^,9'^,9^,j^). It is subject to the lift 
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of the structure equations 114. 4|I - H4 .fill . One of the integrability conditions for these 
equations require that 7^ and 7^ must be of the form 

where a, 6 G M. 

Due to the fact that all the coefficients in the pullback of the Cartan structure 
equations H4.4|l - H4.6|l are constant on G, the closure of these equations implies the 
following proposition. 

Proposition 6.3. All SO(3) nearly integrable structures with 6- dimensional sym- 
metry group have (skew symmetric) torsion of the form 

T = ti6^ Ad^ A9^ + t2e^ AB^ A 6^. 

There are three families of such geometries 

(1) b = ti = t2 = 0, and a arbitrary; 

(2) a = b = and ti, t2 arbitrary; 

(3) a = 0, 5 = * 2"^'' '^'^'^ ''1' arbitrary. 

Below we discuss all possibilities. 
The point [l] of Proposition 16.. In this case the torsion is obviously zero and 
the so (3) curvature form is 



K = -a^ 



k'-Ei + K^-E2 + K^-E3 



where k^, k^, are given by (14. lip . Thus, in this case, we reconstruct two of the 
three torsion-free examples. For a = the respective SO(3) structure is equivalent 
to Mo. For a 7^ we reconstruct the structure M- = SL(3, R)/SO(3). The latter 
case corresponds to the following 6-dimensional subgroup of SL(3,M) 



G 



{il/=(^:{): detAf = l}, H = SO(2) = {(-|ntq^*t[!)} 



The Doint[2lof ProDosition l6.3L In this case an invariant coframe {9^, ... ,9^,^^) 

on G satisfies the following differential system: 



d9' 


= tiP A 


9' + 


t2p A 9^ 


d9^ 


= -ti9^ 


A 9^ 


+ 29^ A f 


d9^ 


= ~t29^ 


A 9^ 


+ 9^ A^^ 


d9^ 


= tj^ A 




29^ A 7^ 


d9^ 


= t29^ A 


~9^~ 


9^ A^^ 


dj^ 


tlt2 

2 


A 


9^ + 2P A 



The symmetry group G = G^t-^M) depends on the torsion parameters (ii,t2)- We 
depict the possible Gs on the (ti, t2)-plane in Figure Q 
Below we discuss each G(t-^.t2) separately, 
(i) ti t2 (<i — 2t2) ^ 0. In this case G is always of the form 
(6.2) G^GixG2, 
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Figure 1. Groups G(^ti,t2) of SO(3) structures of Proposition |OI 

where Gj is either SO(3) or SO(l,2) - see Figure^ There is a standard 
inclusion of SO(2) in both of the above groups. The inclusion oi H — SO(2) 
in the product G is given by SO (2) 9 h i — > (/i^, h) & Gi x G2- We consider 
the standard 3-dimensional representations of so(l, 2) and so(3) so that the 
Maurer-Cartan form O^jc on G is given by 



(6.3) eMC = 



/ 







52 












(ca^ + 2fj) 


















~A 

eia 




























—2ca^ + 7] 















-{-2ca^ + 77) 







V 













£20:^ 
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where 

ei =-sgn[ii(ti-2t2)], 
62 =sgn[t2(ti -2^2)] 

and {a\fi) is a left invariant coframe on G. We have the following relations 
between and the canonical coframe (0*,7^): 

' \/5(ti-2t2) " ti-2t2 " 



(6-4) A/3^7(^-a^ 0^ - V -M/;-2..) -a^ 



t2(tl-2t2) " V *2(tl-2t2) 

Now, we take (5,T) in the canonical form Ij4.16ll . Ij4.17|l . These descend 
to the SO(3) structure {g, T) on M = due to the isotropy invariance 

of (g, T). The G-invariant so(3) connection F on M has the following form 

where Tq is the canonical connection on the reductive homogeneous space 
G/H - see 0. 

Remark 6.4. It is worth to notice that on the line t2 = —2ti the connection 
r coincides with the canonical connection Tq. The example from this line 
corresponding to (ii,t2) = is due to Th. Friedrich j^. 

In general, the torsion T has components in the both possible irreducible 
SO (3) representations /\^ and /\j (see Remark On the line t2 = 2ti 

the torsion is of pure type /\^; on the Hue ti — —2t2 it is of pure type /\.^ 
- see the Figure 

The so (3) curvature is of the form 

K ^ ^tit2H^-E3. 

It belongs to so(3) (8) so(3). If tit2 7^ the curvature has non-zero values 
in all of the components 0^ © 0^ © /\g of the irreducible decomposition 

(ii) <i — 0, t2 ^ 0. The group Gi of the previous case contracts and the 
symmetry group becomes 

G = (SO(2) X R^) X SO(3). 

The inclusion of H = SO(2) in the product G is given by 

SO(2) 9 /i I — > {h^,h). 

The Maurer-Cartan form on G has the form Ij6.3|l with ei = 0. The relations 
116. 4|l remain valid after passing to the limit — sgn[(ii — 2^2)] = sgnt2 



V2|t2| V2|t2| 
1 .^3 fl5 _ 1 -5 
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These define an SO(3) structure on M ^ G/H in an analogous way as in 
the previous case. The torsion T ^ is never of a pure type and the so (3) 
curvature K = Q. 

(iii) t2 = 0, ti ^ 0. This case is the same as the previous one. One has to put 
£2 = in (j6.3|l and |^ sgnii in Ij6.4ll . The statements about curvature 
and torsion are the same as in the previous point. 

(iv) ti =0, <2 = 0. In this case both the torsion and the so (3) curvature vanish. 
Thus, this case corresponds to the fiat model Mq. Hence the symmetry 
group G is extendable to SO(3) XpM^. For the purpose of the next point it 
is useful to analyse G more carefully. Let r be the standard representation 
of SO(2) in M? . In conform with the FigureQlwe observe that 

G = M X (SO(2) M^), i7 = SO(2), 

where the semi-direct product is taken with respect to the representation 
© r of SO(2) on . The Maurer-Cartan form Omc on G is 



(6.5) 



7A/C 



/ 2f) \ 

-2f) q'' 



77 



I 000000; 

\o oooooaV 



The relation between (a-' , 77) and (6^ ,7^) is 9^ ~ and 7'^ = r). 
(v) ti = 2^2, t2 ^ 0. In this case the group G — Ga has the following abstract 
description. We present the Lie algebra of G as a central extension by M of 
a 5-dimensional algebra [. Let us recall (see ^21) that such extensions are 
classified by closed 2-forms ct e /\^[*. 

Let L = SO(2) X R'^ with the representation r of SO(2) as in the 
previous point; I is the Lie algebra of L. We take the Maurer-Cartan forms 
{a'^ ,a^,a^ ,fj), defined in 116. as the basis of the left invariant forms 
on L. One can check that the following 2-form on L 

(6.6) CT = a^A(5^ + 252 Aa^ (7:=CTeeA^[* 
is closed. 

We define the Lie algebra g = go- as a central extension of [ by M 

(6.7) — >Q^l^O 

characterised by the element a. Let G = Go- be a Lie group with Lie algebra 
2a- We extend the basis of left invariant forms on L to the (left invariant) 
basis (a^, a^, a^, a^, a^, 77) on G. The differential da^ is (see [13] 1 

da^ = a. 

The exact sequence of Lie algebras Ij6.7|l has a partial splitting s : so(2) ^ g 
(i.e. the composition tto s is the inclusion of so(2) into [) which defines the 
inclusion H = SO(2) C G. 

Finally, the relation between this basis (a^ , fj) and the canonical coframe 
{0^ is as follows 
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These define a nearly integrable SO(3) structure on M ~ G/H as in each 
of the previous cases. The torsion T ^ is never of a pure type and the 
so(3)-curvature has the form 

K = -2{t2fK^-E3. 

The point El of Proposition 16 .31 We start with the observation that the line 
ti = 2t2 on the (ti, i2)-plane in the present case and the line ti — 2t2 of the 
previous case coincide (see Proposition I6.3|l . Thus, in the entire analysis of this 
case, we assume that ti ^ 2t2. 

We have the following diflerential system on G 

d0^ = tiP A 9-^ + (ti - t2)9^ A 0^ 

^ -tiO^ Ae-^ + 29^ A f 
d9^ = -^h9^ Ad'^ + e^ Af + ^0^0^ A ^3 + '-^0^9^ A 
(6.8) d9^ = hd^ A 9^ - 29^ A f 

d9^ ^ ^ti9^ A9^ -9^ Aj^ - ^-^0^0^ AO^ - ^-^0^9^ A 9'^ 
d^^ = -l{tl - tit2 + tl)9^ A 9^- \h{ti - t2)9^ A 9"^. 

It follows, that off the line ti = 2t2, independently of (ti, t2), the symmetry group 
G = Gta is a central extension of the group 



L = SL(2,]R) X 

3nal Lie group, 
e = sgn|<i - t2|. 

It is convenient to choose the basis of left invariant forms (a^, a'^, 5^, a^, ry) on 
L so that the Maurer-Cartan form 9mc on L reads 



by a 1-dimensional Lie group. G^a is characterised by a closed 2-form ea E A^'*) 





Obviously, we have SO(2) C SL(2,M) C L. 

Now, the possible symmetry groups G = G^a, e = 0, 1, are presented on Figure|2| 
Below, we discuss cases e = 1 and e = separately. 

(i) e = 1. This case corresponds to ti 7^ ^2- Here, we observe that 
a = a^ AcP, a: =aeE f^i* 



is closed on L. It is this form that defines the desired central extension 
of the Lie algebra I to the Lie algebra g = go- of the symmetry group Ga- 
Now, the forms (a^, a'^, a^, ,f}) extend to the left invariant forms on Ga- 
Together with the form such that da^ = ct they define the left invariant 
coframe on Ga- This coframe is related to the canonical coframe (^*,7^) of 
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Figure 2. Groups G = Gecr of SO(3) structures of Pronosition 16.31 



(Em via 



(6.9) 



6ti 



(tl-2t2) 
2\/3 



T-?7 + 



2(ti 



tl-2t2 



•5^ 



2\/3 

tl-2t2 



53 



55 



55 



.3 _ (ti-^2t2)^+3t^ -- 
y - (tl-2t2)2 ^" 



Now, in analogy to the case (v) of page Ell we use the partial splitting 
s : so(2) I, to recover the inclusion H = SO(2) C Ga- Then the SO(3) 
structure on M = G/H is obtained via the standard procedure of taking 
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(5, T) in the form H4.16II . (|4.17|l and passing to the quotient structure {g, T). 
The G-invariant so (3) connection on M is given by 



where Tq is the canonical connection on G/H. 

As in the entire pointQlof the present Proposition, the torsion T has the 
pure type /\^ iff ^2 = 2ii; it is of the pure type /\y iff ti = —2^2; in all other 
cases it is not of a pure type (see Figure [JJ. 

In contrast to the pointElof the present Proposition, the so(3) curvature 
has the form 



and (off the Hne ti = 2t2) it is never of type so(3) Cg) so(3). In general, the 
curvature can assume values in all of the components of the decomposition 



Independently of (ii,t2) the curvature has always the and 0g part; 
it is without the Og component on the Hne t2 = 2ti and without the A5 
component on lines ti — and 3ti = 2t2 - see Figure [3 
(ii) e = 0. This corresponds to the line ti = ^2. Now, all the formulas of the 
previous case remain valid, but the formulas for 0^ and 7'^. To get correct 
expressions for them, one has to pass to the limit -^J-^ ^ 1 in H6.9II . 

It is worthwhile to note that the central extension Go is, in this case, 
trivial. Hence, the symmetry group is simply a product 

Go = M X (SL(2, E) xi M^) with H = SO(2) c SL(2, R). 

6.3. Examples with 5-dimensional symmetry group. The first set of exam- 
ples in this section is characterised by the requirement that a nearly integrable 
SO(3) geometry has fiat characteristic connection. The full list of such geometries 
is given in Section 16.3.11 In Theorem 16.51 we prove that flatness of the character- 
istic connection implies that the corresponding nearly integrable SO (3) geometry 
has at least 5-dimensional transitive symmetry group. Inspection of the examples 
of Section 16.3.11 shows that, in generic cases, their symmetry groups are strictly 
5-dimensional. 

Of course, examples with flat characteristic connections do not exhaust the list of 
all nearly integrable SO (3) structures with strictly 5-dimensional transitive symme- 
try group. We obtained another two classes of examples assuming that, in addition 
to the action of a 5-dimensional transitive symmetry group, the torsion of char- 
acteristic connection is of pure type. The results are given in respective Sections 
16.3.21 and 16.3.31 It is worth noticing that it was possible to find all structures with 
5-dimensional transitive symmetry group and torsion in /\^ (see Theorem 16. 7|l . In 
case of /\^ type torsion we were only able to find a 2-parameter family of examples. 




(15.511 ■ but /\l and /y^: 
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6.3.1. Vanishing curvature. 

Theorem 6.5. Let (Af, T) be a nearly integrable SO(3) structure with vanish- 
ing curvature of its characteristic connection. Then M has a structure of a 5- 
dimensional Lie group G and the SO (3) -structure is G-invariant. 

Proof. Since the characteristic connection of an SO(3) structure is flat, one can 
assume that the connection (locally) vanishes. Thus, in a suitably chosen local 
coframe H4.1|l the first Cartan structure equations are 

d0^ = ti9^ A 0^ + t20'^ A0^ + t30^ A0^ + t40^ A0^ + t^0^ A 0^ + tg^^ A 0^ 
d0^ = -ti0^ A 0^ - t20^ A0^ - t30^ A 0-' + t70^ A + ts0^ A0^ + tg0'^ A 0^ 
(6.10) 

A0^ = ti0^ A0^~ t40^ A - t50^ A 6*5 - t70^ A0^- ts0^ A 0^ + tio9'^ A 0^ 
A0^ = t20^ A0^ + t40^ A0^ - te0^ A0^ + t70^ A0^ - tQ0^ A0^ - tw0^ A 0^ 
d6l5 = tj,0^ A0^+ t^0^ A0'^+ tQ0^ A0^ + tf,0^ A0^+ tQ0^ A + tio0^ A 0^. 

Here the functional coefficients i^, i = 1, 2, . . . , 10 are related to the torsion 3-form 
T via: 

(6.11) T = ti0^ A0^ A0^ + t20^ A0^ A0^ + t39^ A0^ A0^ + ti0^ A 9^ A 61**+ 
t50^A0^A0^^+t60^A0^A0'^+t70^A0^A9^+ts0^A0^A0^+tg0^A0'^A0^+tio0^A0'^A0^. 

Now, the Bianchi identities are equivalent to the following integrability conditions 
of the system (I6.10|l : 

(a) all the functions ti, z = 1, 2, . . . , 10 are constants 

(b) they are subject to the following constraints 

^3^10 + ^6^8 ^ ^5^9 — 
^1^10 + tbt? — ^4^8 = 

(6.12) t^tr " t2ts + tit<) = 

^2^10 + tetr — t4tg = 
^3^4 — ^2^5 + ^1*6 = 0. 

The point (a) above proves the theorem, showing that M can be identifled with the 
symmetry group G which has ti as its structure constants. 

□ 

Below we solve conditions Hfi.l2|l to fully characterise G under the genericity 
assumption 

tio + 0. 

If this is assumed the general solution of system II6.12|I is 

Now it is easy to see that the following linearly independent (<io 7^ 0!) 1-forms 

a'^ = twO^ - t60^ + t^0^ - t4,0^ 
= ^106*^ - tg0^ + 1^0^ - tj9^ 
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are closed. They can be further supplemented to a coframe {a^ ,a'^ ,a'^,a^) on 
M such that 



da^ 




A c? 


da^ 




A 


da^ 


= 


A 




^ 






= 0. 





This proves the following proposition. 

Proposition 6.6. // the torsion coefficient tio ^ 0, the symmetry group G of a 
nearly integrable SO (3) -structure with flat characteristic connection is isomorphic 
to SO(3) X M2. 



da^ = -2a^ A a 



6.3.2. Torsion in /Vg. 

In the following a parameter 5 ^ 0,1 labels 5-dimensional Lie groups Gs- By 
definition Go = SO(3) x Aff{l), the direct product of SO(3) and the affine group 
^//(l) in dimension 1. We characterise the group Gi by specifying the structure 
equations for a left invariant coframe on Gi. Thus, Gi is such a 5-dimensional 
Lie group for which there exists a coframe {a^ , , , a'^ , a^) which satisfies the 
following equations: 

da^ ^ 
da^ = A 

3 

da'' = -a^ A a"* + a^ A a^ 
da^ a^ A a". 

This group has the Lie algebra 0i which is a central extension O^M^0i^f)^O 
of the 4-dimensional Lie algebra 



by a real line R. The extension is given by means of a closed 2-form (see [T3] l 
a = A a''. 

The following theorem is obtained by a successive application of the Bianchi iden- 
tities on the system I|4.5|l - ll4.6|l in which the characteristic connection T is supposed 
to have torsion in /\^ and for which all the connection coefficients, the curvature 
coefficients and the torsion coefficients are constants. 

Theorem 6.7. Let (Af, T) be a nearly integrable SO(3) geometry admitting a 
5-dimensional transitive symmetry group G. Assume, in addition, that the torsion 
of its characteristic connection is of pure type /\^ . Then: 








x^ 


x^ 








x^ 
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• Modulo a constant SO(3) gauge transformation, it is defined by means of 
the adapted coframe {6^,6^,9^,9^,6^) satisfying the following differential 
system: 

d6^ = -lVSge(6^ A 9^ + {2 - 35)6^ A i 
d6^ = -2(?cos(/3 6*2 A 61** 

d6^ = -gcosv? 6^ A9^ + V3ge{l - S)9^ A6^ + geS6'^ A 6^ + g{Se - smip)6^ A 9^ 
d6^ = -2gsmip 6^ A 6^ 

d6^ = gcosip6^ A 6^ + V3ge{d - 1)6^ A6^ - geSd^ A 9^ - g{5€ + smip)9^ A 9^ , 

with constant parameters g> Q,ip E [0, 27r[, e = ±1, 5 — 0,1. 

• G = Gs. 

• For all values of the parameters e, S, g, Lp the curvature of the characteristic 
connection is of type Q)\ © 0^ © /y^ with all the irreducible components 
non-zero. 

6.3.3. Torsion in /\'^. 

It is easy to check that an adapted coframe [9^,9"^, 6^, 9'^, 9^) with differentials given 
by: 

de'i = 

d6'2 = - g cos Lp6'^ A 6^^ 

d6^ = \y/^gcosip 6^ A 6^ - ^VSgsinif 6^ A6^ - ^gsinip 6^ A 6^ + i(?cos(y9 6^ A 6^ 
d6'^ = gsintp 6^ A6* 

d6^ = -^VSgsimp 6^ A6'^ - ^V^gcosip 6^ A6^ - ^gsimp 6^ A6^ - i£»cos(^ 6^ A 9 

where the parameters g > 0, (p & [0, 27r[ are constants, defines a nearly integrable 
SO(3) geometry whose characteristic torsion has pure type /\^. Its symmetry group 
is transitive, strictly 5-dimensional and has the following Maurer-Cartan form 

/a^ 


-(a^ + a^) 

\ y 

where the forms {a^, a'^,a^,a'^,a^) are related to the coframe {6^, 6^,6^,9^,6^) via 
an appropriate g-dependent GL(5,M) transformation. 

It is worth noting that the curvature of the characteristic connection in this 
2-parameter family of examples is always of the type ©J © ©g with both the 
irreducible components non-zero. 

7. RiCCI TENSOR AND COVARIANTLY CONSTANT SPINORS 

7.1. Ricci tensor. We have the following proposition 

Proposition 7.1. For every nearly integrable SO(3) structure {M,g,T) the Ricci 

LC 

tensor Ric'"'^' of the Levi-Civita connection T is related to the Ricci tensor Ric^ of 



9mc = 
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the characteristic so (3) connection T via 

Ric^f = Rid,^ + \T,kiTjki + i(*d * T),,. 

Corollary 7.2. Given a nearly integrahle SO(3) structure {M,g,T) the following 
two conditions are equivalent. 

• The codifferential of the torsion 3-form T vanishes. 

• The Ricci tensor Ric^ of the characteristic connection T is symmetric. 

Thus, for nearly integrable SO(3) structures we have 

*d*T = Ric\j=Ric),. 

In the rest of this section we discuss the torsion/curvature properties of the 
homogeneous examples of Sectional It is interesting to note that all these examples 
satisfy 

*d*T = 0. 

Thus, the Ricci tensor Ric^ is symmetric for them. In many cases both the Ricci 
tensors Rid' and Rid'^' are diagonal^. More expHcitly, 

• in case Q of Proposition |OI we have: 

Ric'-'' = Rid' = -ea^g, T = 

• in case ^ of Proposition we have: 

md^ = \{tl + tl)g + ^^{m\ + 12tii2 - tl)El + ^(4<2 - tl)El 
Rid = \t1t2El, 

dT = ~2tit2e^ Ae^ A9^ Ae^ 

• in case ijSJ of Proposition IFT^ we have: 



3 I 



Rid = - 2^2)5 + i^(14t? - 29<it2 + 14i^)£^| + - 2i2)(2ti - t2)Ef 



dT = -tl9^ AB^ AB"^ AO^ 
• for the examples of Theorem 16.51 we have: 

Rid = 0, 

dT= 

and Ric^'^ has a rather complicated form depending on the torsion param- 
eters ta, a = 1,2, .. . 10; for some values of the parameters the Levi-Civita 
Ricci tensor Ric'"'^ may be diagonal, e.g.: if ta = 0, Va 7^ 1 then 




for the examples of Theorem Ifi. 71 we have: 

Rid^ ^ g\f-26)g + 2g^El 
Rid = -2g^6g + y^E^, 
dT = 1^2(3(5 - 4)6i2 A9^ AB^ AB^ 



^Note that the square of the matrix E3 and its fourth power are diagonal matrices. 
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for the examples of Section l6.3.3l we have: 



/I 0^ 

' sin^(ip) i sin(2ip) 



i sin(2ip) cos^(c^) 



















0' 



Rid' 



Q_ 

2 



3 0' 
2-cos(2v3) sin(2(^) 
10 

sin(2i^) 2+cos(2ip) 
,0 1, 



dr = 0. 



7.2. Absence of covariantly constant spinors. We now pass to the question 
if a manifold with an SO(3) structure {M,g,T) and an 5o(3) connection F may 
admit a covariantly constant spinor field. We look for 5* : il/ ^ such that 

(7.1) d* + r,pin* = 0, 

where T^pin is a spin connection II4.25|I corresponding to F. 



We use the curvature 



^spin — dFspin + Fgpiii A FgpiTi 



of Tspin- This curvature is expressible in terms of the curvature K — ^r^j^^OW^Ei 
of r and the (Dirac) matrices E/ of Ij4.24ll . We have 

l^ap.n^^r^jfc^^ A^'^E,. 

It is easy to see that the integrability conditions for the equations Ij7.1ll are 

f^spm* = 0. 

These equations should be satisfied for each element of the basis of 2-forms 9^ A O'^ . 
Thus, they are equivalent to 

Wy «' = 0, Vz <j = 1,2,3,4,5 

where Wij is a 4x4 matrix 

Wy=r^,,E/. 

This shows that an existence of a non-zero solution for ^' gives a severe restrictions 
on the curvature fJspin- In particular, this implies that 

(7.2) det(M^y) = det(r^yE/) = Vi < j = 1, 2, 3, 4, 5. 

But 

Thus, equations H7.2II are satisfied only if all the curvature coefficients r^^ are zero. 
In such case Jospin = 0, which means that the corresponding so(3) connection F is 
flat. This proves the following proposition. 

Proposition 7.3. Let {M,g,t) he a 5- dimensional SO(3) geometry equipped with 
an so(3) connection F. Then {M,g,T) admits a covariantly constant spinor field 
with respect to the corresponding spin(3) connection Fspin if the connection F is flat. 
If this condition is satisfied then, locally, one has a 4-pa,rameter family of constant 
spinors. 
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8. The twistor bundle T 

It is remarkable that each 5 dimensional manifold M with an SO (3) structure 
[g, T) on it defines a natural 2-sphere bundle §^ ^ T ^ M . This bundle, which 
via analogy with the twistor theory, we call the twistor bundle, will be defined by 
recalling that at every point x of M we have a distinguished subspace {P\^)x of 
those 2-forms that span the irreducible so(3). Considered point by point, spaces 
{S^)x form a rank 3 vector bundle f\^^M over M with the following basis of sections 

= x/se'i A + A + 9'^ ^ e^, 

= ViO^ A 9^ + 9^ A 9^ + 9^ A 9'^, 
= 29^ A9^ + 9^ A9^. 

Here we have used the adapted coframe {9^ , 9^ 9^ , 9^^ , 9^) for (M, g,T). It is also 
convenient to note that the forms ( ) are related to the basis (Ei, E2, E3) 

of the irreducible 5o(3) C so(5) via = ^Ei,^9' A 6*^ / = 1, 2, 3, see 

Definition 8.1. The twistor bundle over a 5-dimensional manifold M equipped 
with an SO(3) structure {g, T) is the 2-sphere bundle ^ T ^ M defined by 

(8.1) T = |w e /\Im : *(tj A *cj) = 5 I . 

Remark 8.2. The constant 5 in the above normalisation means that w G iff 

uo = hin^ + &2 + 63 where 5^ + 6^ + 6| = 1. 

Consider the complexification T'^'M of the tangent bundle of (Af, g, T) and de- 
note by the same letters the complexifications of the tensors g and T. At every 
point X € M consider the space 

Nx^{ne T^M : T(n, n, •) = 0} 

of vectors, which are null with respect to the complexified T. Given any complexi- 
fied vector O^v e T^M we define 

dir(w) = {At; e T^M : XeC}. 

We have the following proposition 

Proposition 8.3. The space of null directions 

PiV, = {dir(n) : n e N.,} 

is a disjoint sum of two connected components 

FNx = PA^+ U PiV" , PTV" = ¥n+. 

Each of them is naturally diffeomorphic to the fibre Tx = tt^^{x) = §^ of the twistor 
bundle T. 

Proof. Consider a 2-form uj G T^;. In the adapted coframe {9^,9^,9^, 9^, 9^) it reads 
uo = \i^ij9^ A 9K It defines a linear map 

T^M 3 V, I — > {u;v)j = lJj^v, £ T^M. 

It is easy to see that the eigenvalues of this endomorphism are {0,±i,±2i}. The 
corresponding ±2i eigenspaces are null with respect to T due to the following 
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argument. The SO(3) invariance of the tensor T, see (I2.7|l . when appUed to form 
oj and a vector n belonging to the ±2i eigenspaces of uJij reads 

= T((jjn, n, •) + T(n, Lon, ■) + T(n, n, w-) = 4iT(ri, n, •) + T(ri, n, a;-). 

Now, if w belongs to any eigenspace of uJij the implication of this equality is 
T(n, n, u) = 0, which means that T(n, n, •) = 0. 
Thus, the following map 

9 w I — > ker(w T 2i) G PiV^. 

is well defined. It further follows that it provides the desired diffeomorphism be- 
tween and PiV±. 

□ 

Now we define the 2-sphere bundle of null directions for T to be 

PiV= IJ PiV+ 
xeM 

and, as a corollary to the above proposition, we get: 

Proposition 8.4. There exists a natural bundle isomorphism between the bundle 
VN of null directions for T and the twistor bundle T. 

Remark 8.5. The above proposition enables one to view the twistor bundle T as 
an analog of the twistor bundles of 4-dimensional (pseudo)Riemannian geometries 
(see e.g. [HI). Historically, the first such bundle - Penrose's bundle of light rays over 
the Minkowski space-time JOI - is a 2-sphere bundle of null directions. It proved to 
be very useful in General Relativity Theory, especially in the case of complexified 
Minkowski space-time and its curved generalisations. Motivated by the utility of 
Penrose's bundle of light rays Atiyah, Hitchin and Singer considered the 2-sphere 
bundle of complexified null 2-planes over a 4-dimensional Riemannian manifold. 
This bundle, which they identified with the bundle of almost hermitian structures 
over the 4-manifold, they termed the twistor bundle. Later, mathematicians gener- 
alised the notion of twistor bundle in many directions, so that the relation between 
null directions and todays twistors is weaker and weaker. We find a particularly 
remarkable the fact that the 5-dimensional geometries considered in the present 
paper lead to twistor bundle T whose relation to null directions is very apparent. 

8.1. Elements of geometry of T. Now, we consider an arbitrary SO(3) structure 
(M, T) equipped with an so(3) connection T (we do not assume that F is the 
characteristic connection) . These data induce interesting geometrical structures on 
the twistor bundle T. The rest of this section is devoted to their brief description. 

(1) The connection T splits the tangent space TT into horizontal and vertical 
parts: 

TT = n®v. 

The fibre of the twistor bundle T^; is naturally embedded in the vector space 
{f\^)x- It is a unit sphere with respect to the natural scalar product S 
on two-forms, which explicitly reads 



S(cri,(T2) = i * (cti A *CT2), V(Ti,cr2 £ (A3), 
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Thus the vertical tangent space V^j at a point u G may be identified 
with the orthogonal complement of uj with respect to S. Hence 

V^ = {ae{Alh : = 0}. 

(2) There is a natural Riemannian metric g on T. This metric is given by 
g = ^,2® Tr*g, where S2 is the natural scalar product induced on the fibre 
by S. 

(3) There is a natural complex structure J on the fibre T^;, given by 

J^(ct) = [w,cr] <T eV^c {AI)x- 

Here, we view the forms uj and a as elements of the Lie algebra Bo(3) = 
{/\3)x, so that [•,•] is the Lie bracket in so(3). Obviously, J is compatible 
with the metric S2- Now, the metric S2 together with orientation given by 
J determine the volume 2-form 772 on the fibre. 

(4) There is a tautological horizontal 2-form w on T. 

(5) T is equipped with the horizontal vector field u given by 

g{u) ~ j*iil2 A a; A a;) 

where S is the Hodge star operation on (T, ^). The vector field u is unital: 
g{u,u) = 1. We denote the g-orthogonal complement of w in 7i by Ti". 

(6) At every point x gT the metric g descends to the 4-dimensional, naturally 
oriented, vector space 7i". Thus, in 7i", the Hodge star operator is well 
defined. By using it we decompose the restriction of the tautological 2-form 
W|„„ into the self-daul and anti-self-dual parts 

The forms uj± define the pair of 7r*(7-compatible complex structures J± on 

2 

Tr*g{J±vi,V2) = w±(wi,W2), wi,W2 e r(7^"). 

These two complex structures commute: 

[J+,J-] = 0. 

8.2. Almost Ci?-structures on T and their integrability conditions. We 

recall that an odd-dimensional real manifold P is equipped with an almost CR- 
structure if there exists on P a distinguished codimension one distribution Af en- 
dowed with an almost complex structure J (see e.g. jH]). The ±i eigenspaces of J 
define the split 

An almost CR-structure (A/", J^) on P is called an integrable CR-structure iff the 
following integrability conditions are satisfied 

[_^(l,0)^_^(l,0)]^_^(1.0)^ 

The twistor bundle T is naturally equipped with four almost CR-structures. 
They are genuinely distinct i.e. not related by the conjugacy operation. One obtains 
these structures by defining the distribution Af to be Afj = u^, the orthogonal 
complement of the unit vector u with respect to the metric g on T. Since J\fj = 
V © H", then the four almost complex structures on Nt may be defined by 

J = J ®eJ±, e 1 or - 1. 
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Thus we have four natural almost CR-structures on T defined by means of four J& 
on Nf. Among them the most interesting is 

(A/'t, Jo), where Jq = J®J+. 

This structure is the only one among (A/'t, J) that may be integrable. More specif- 
ically, we have the following theorem. 

Theorem 8.6. 

(1) Among the four natural almost CR-structures (A/'t, J ® ^J±) on T, the only 
one that may he integrable is (A/'t, Jo)- 

(2) Let {M,g,T) be a nearly integrable SO(3) structure and let (A/'t, Jo) be 
the almost CR-structure on T induced by the characteristic connection of 
{M,g,T). This CR-structure is integrable if and only if 

Kq2 = 0, and T G /Vg. 

Sketch of the proof. We start by choosing an SO(3) adapted coframe {9^ ,9'^, 6^, 6^, 9^ 
onU C M. We parametrise T|[/ by C/ x C, so that the tautological 2-form uj reads 

(8.2) ^ = + 1(£^^2 + i^A^3, ^GC. 

The horizontal- vertical splitting of the tangent bundle TT with respect to an so(3)- 
connection F = jiEi +72-E2+73-E3 is given by the following complex valued 1-form 

u — 1 ( A., \ l-z^ I l+z 



{dz + i^7i + i^72 + iz 73) ■ 



The horizontal subspace Ti. C TT is the kernel of h. 

The 1-form u = giu) - the 5-dual to the unit horizontal vector field m - is given 

by 

- _ l-4|zp + |z|% i , i^{z-z)(z+-) a2 y3(z+-)(|z|^-l) a3 n/3(z^+z'') ^4 -1) 

Since there exist two commuting complex structures J± on every 4-dimensional 
horizontal subspace 7i^, the complexification of this subspace decomposes onto the 
common eigenspaces of J± . Explicitly we have 

{rci,f = iVi © ® /Vi ® 7v2, 

where the spaces Ni and N2 are defined by 

J±Ni^iNi, J±N2^±iN2, 

and A^i, N2 denote their respective complex conjugates. The explicit formulae for 
the g-duals ni and n2 of the vectors ni and 712 generating the subspaces Ni and 
N2 are the following 

~ _ »273z(|z|2-l) al _ 2(z^+-) ^2 _ i(l-3z2-3zz+z^z) ^3 _ 2i(z'^ ~z) ^4 _ l+Sz^ -3zz-z^z g 

"1 - (l + |zP)2 " (l+\z\2)2V (l+|z|2)2 (l + |^|2)2t^ (l + |z|2)2 C' 

_ _i2V3z^nl , z^-l gl _ 2izl^z^ -\) gj i(z* + l) gA , 2z(z^+l)./i5 

"2 - (l + |^|2)2t7 + + (i+|^|2)2 P +(i+|^|2)2C + (i+|^|2)2P ■ 

le space j 
is spanned by 



The space M^''^'' of (1, 0)-forms with respect to the almost complex structure Jo 



A/'t^'°^ ~ Span([;;(/i, ni, 712). 
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Thus the integrability conditions for the CR structure {Mj, Jo) have the form 

du A u A h A fii A h2 = 

dh A u A h A fii A h2 = 

dfii Au A h Ahi An2 = 

dn2 A u A h A hi A h2 = 0, 

The expression for the other almost CR structures are analogous. 

The remaining part of proof of the theorem is skipped due to its purely compu- 
tational character. 

□ 

Remark 8.7. We close this section with a remark that on T there exist also other 
natural geometries whose integrability conditions may encode the torsion/curvature 
properties of SO(3) structures. Let us define the following real 1-forms 

i?i=Rc(ni), d^ = lin{fii), i?3 = Re(n2), = Im(ni), 

^5 = u, = ~Im(/i), ^ Rc{h). 

They define the g-orthonormal (local) coframe on T. The following 3-forms 

</>! = f A ni — ri2 A 712) A u 
02 = 5 ('"^1 A h2 A h — hi A h2 A h) 
^ \u Ah Ah 

are well defined on T. They may be collected to a single well defined 3-form 

= 01 + 02 + 03- 

This, when expressed in terms of the orthonormal coframe (i?^, i?^, i?^, d^, ?9^, ?9^, d''), 
reads 

0= [d^ Ad'^-d^ Ad^)Ad^^{^^ A^'^-§'^ Ad'^)Ad^ + {^^ Ad'^-^^ Ad^)Ad'^ Ad^ 
It equips T with a G2 C SO(g) structure (see [TT]V 
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